Two-inertia systems are prone to resonance vibrations that degrade their control performances. These unwanted vibrations can be effectively suppressed by control methods based on a disturbance observer (DOB). Vibration suppression control methods using the information of both the motor and load sides have been widely researched in recent years. Methods that exploit the spring deflection or torsional force of two-inertia systems have delivered promising performances. However, few conventional methods have exploited the relative position information, and the discussion of position control is currently insufficient. Focusing on the relative position, this study proposes a new resonance ratio control (RRC) based on the relative acceleration and state feedback. The structure of the proposed RRC is derived theoretically and the proposed method is experimentally validated.
I. INTRODUCTION
High-performance position or velocity control has advanced alongside the development of actuators, central processing units, and sensors. Despite of the large progress of these technologies, the resonance problem remains a major problem because resonance vibrations (which depend on the mechanical system) degrade the control performance. Resonance is especially strongly in robots with flexible joints, in which the actuators and loads are connected by elastic components. Those systems are often modeled as twoinertia systems shown in Fig. 1 . Typical examples are timingbelt systems [1] , series elastic actuators [2] , [3] , hydraulic actuators [4] , and many of robot joints with gears [5] . Therefore, improving the control performance of two-inertia systems has been the subject of many researches [6] [7] [8] .
Many of the existing vibration suppression controllers for two-inertia systems exploit the robustness of a disturbance observer (DOB) [9] [10] . The authors of [10] improved the robustness of a controller by installing an accelerometer at the load side. Yuki et al. [11] proposed a method for vibration suppression by resonance ratio control (RRC) based on a DOB. The RRC increases the resonance frequency by lowering the mass of the motor side of the two-inertia system. However, the RRC is not robust against disturbances because the load side information is estimated by a state observer. Sakura Another effective control against resonance is self-resonance cancellation (SRC), which cancels the resonance using the center of gravity of the motor and load sides of a two-inertia system [12] . Self-resonance cancellation DOB (SRCDOB), which uses the information of the motor and the load sides, promises to solve the robustness problem. However, both SRC and SRCDOB require the accurate identification of many parameters. Any identification errors deteriorate the control performance. Other effective vibration suppression methods are full-state feedback controllers [13] . Full-state feedback controllers use the information of both the motor and the load sides. The full-state feedback control proposed in [13] employs a full-state feedback controller based on a new state equation using the relative velocity between the motor and load sides, without requiring the motor side position. Consequently, this design achieves stable position control even in systems with angular drift. Several recent control methods exploit the spring deflection or torsional force of a two-inertia system. A DOB considering the spring deflection is more robust against modeling errors. It also delivers better force control of a two-inertia system than general DOBs using the information of the motor sides [14] . The authors of [15] proposed a reduced-order DOB (RODOB) that exploits the spring deformation of twoinertia systems, and captures only the resonance frequency. The RODOB method requires fewer parameters than general DOBs, enabling easier system identification. In addition, high robustness and precise force control has been reported in an RRC with a torsional torque sensor, which monitors the torsional force in two-inertia systems [16] . The control methods in [14] , [15] , and [16] use the relative position information, but position control has not been discussed. To The remainder of this paper is structured as follows. Section II, describes model of a two-inertia system. The new RRC with relative position information is proposed in section III. The proposed method is experimentally validated and discussed in section IV. Section V concludes the paper.
II. TWO-INERTIA SYSTEM
Many modern industrial robots and mechatronics systems transmit forces through a series of gears or belts between the motors and loads. Especially, if the transmitters between the motors and loads are flexible structures, they are modeled as two-inertia systems, which are liable to degradation of control performance. A two-inertia system model is shown in Fig. 1 .
The system consists of a motor mass M m (the input edge) and a load mass M l (the output edge) connected by a flexible structure modeled as a spring. F re f and F s represent reference motor force and spring force, respectively.
Denoting the mass and position as M m and x m respectively on the motor side and M l and x l respectively on the load side, and representing the spring coefficient K s , the equations are given by
where F dis m and F dis l represent disturbance force of the motor and load side, respectively, and the dampers of the systems are ignored to simplify the discussion. Fig. 2 is a block diagram of the system, I re f and F re f are the current and force of the inputs on the motor side, respectively, K t is the force coefficient of the motor, and F l is the external force on the load side. The relative position x r is defined as follows:
where F s represents the spring force.
. Block diagram of standard resonance ratio control From Fig. 2 , the transfer functions from the force reference F re f to the position x m at the motor side, and from F re f to the position x l at the load side are respectively calculated as follows:
where ω p and ω z respectively denote the resonance and antiresonance frequencies as follows:
III. DESIGN OF THE PROPOSED CONTROLLER

A. Resonance ratio control
One known vibration suppression control is resonance ratio control ( Fig. 3) , which consists of a feedback controller and a DOB based on resonance frequency of the two-inertia system [11] . Here, F cmd is the force command and K is the RRC gain, which must be properly designed. The nominal dynamics P mn (s) on the spring-less motor side are given by
where the subscript n means the nominal value. L d (s) is the low pass filter (LPF) used in the DOB and expressed as L d (s) = g/(s + g), and g is the cut-off frequency of the LPF. DOBs generally emphasize the resonance in two-inertia systems by stiffening the motor side, including vibration at load side. Under RRC, the estimated disturbanceF dis m calculated by the DOB is fed back by a factor of 1 − K.
Meanwhile the reference force F re f is multiplied by K before inputting to the motor. The motor mass is thus reduced by a factor of 1/K, severely suppressing the induced vibrations.
B. Proposed resonance ratio control based on relative position
This proposed control method uses the relative position x r , represented as x r = x m − x l . The transfer function P r (s) from 
As mentioned above, two-inertia systems based on the relative position are regarded as second-order systems. Here, considering a case where disturbances occur on the motor and load side. Eqs. (1), (2), (5) , and (6) derives the motor position x m as follow:
On the other hand, the relative position x r represent as Eq. (12) by Eqs. (1), (2), (5) , and (6) when disturbances occur on the motor and load side.
Eqs. (11) and (12) show that the disturbances are affected by the fourth-order system, in the motor position; however, in the relative position, the disturbances are affected by the second-order system. Therefore, focusing on the relative position leads to suppressing the influences of disturbance and raising higher cutoff frequency of DOB.
The DOB in the proposed method counteracts the disturbance caused by the spring force. Fig. 4 is a block diagram of the proposed RRC. Here,F r represents the estimated spring force, including the disturbances. As shown in the figure, only one parameter, M m , must be identified, which greatly simplifies the method. The RRC essentially modifies the twoinertia system governed by (1) and (2) into a different system with the following state equations:ẋ
y y y = c c cx x x (14)
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where M ′ m , M ′ l , and K ′ s denote the motor mass, the load mass, and the spring coefficient modified by the proposed RRC, respectively. These parameters are respectively calculated as follows:
As described above, the motor mass M m in the proposed RRC is only 1/K times the original motor mass. However, as shown by Eqs. (19) and (20) (21)) confirms that pole on the load side is also unmodified. Therefore, the resonance frequency of the modified system ω ′ p is expressed as follows:
IV. EXPERIMENTS AND DISCUSSION
A. Experimental setup
This subsection describes the experimental setup of the two-inertia system. The system comprises a linear actuator, a load, and a spring connecting the motor to the load (see Fig. 5 ). The system can be equipped with a weight, as shown in Fig. 5 (b) . The linear actuator, S160Q(GHC), produces a force up to 80 N. The positions of the motor and load were measured by absolute linear encoders with a resolution of 50 nm, and a control period was 0.1 msec.
The parameters derived from the system responses to pseudo random binary signal inputs. Due to the limited movable range, the binary signals 0 and 1 were set to 10 N and 20 N respectively, or to -10 N and -20 N, respectively, as specified in [17] . By setting 10 N instead of 0 N as the low binary signal, we can ignore the static friction fo the system. 
B. Control gain
The proposed method includes a newly designed RRC and an outer PD loop for state feedback control. This subsection describes the gain of the implemented control. Figure 6 is the whole block diagram of the proposed method. Here, the subscripts res and cmd denote the response and command values, respectively. The gains K pm (K dm ) and K pl (K dl ) denote the proportional (derivative) gains of the motor and load, respectively. The four gains are represented as follows: Fig. 6 . Whole block diagram of the proposed method where u is the input force in Eq. (13) . From Eqs. (13) , (24), and (25), the transfer function from the reference force to the load position T (s) is derived as follows:
In all experiments of this paper, we selected a quadruple pole on α. The feedback gains were selected as follows:
C. Experiments
This subsection validates the proposed RRC in series of experiments. For exact comparisons with the conventional RRC, for controller of the conventional RRC was designed with full-state feedback (as in the proposed RRC), and the resonance frequency to be modified was the same in both RRCs. The pole on α of the state feedback was also identical in both RRCs. The control parameters of the conventional and proposed methods are shown in Tables III and IV, respectively. Because the disturbances in the conventional method have the forth-order characteristics as shown (11), we could not set sufficiently high DOB gain. However, because those in the proposed method have the second-order characteristics as shown in (12), we could set a DOB gain as far greater than the resonance frequency. Fig. 5 (a) are shown in Fig. 7 . No significant differences between the conventional and proposed RRCs are evident. When the influences of the disturbances (including the modeling error) were small, the control performances of the two RRCs were almost identical.
2) Parameter Variation: To confirm the robustness against parameter variations, the step responses were monitored for different values of the control parameters. Figures 8 and  9 show the results of multiplying the original motor mass by 0.5 and 1.5 times, respectively. The responses of both RRCs were robust to having the 0.5 times modeled motor mass (Fig. 8 ). However, when the modeled motor mass was increased 1.5 times, the response of the conventional RRC developed oscillations while the proposed RRC remained stable ( Fig. 9 ). The results confirm that the proposed RRC was highly robust against modeling errors, and well suppressed the vibrations at the load side position owing to the secondorder characteristics of the disturbances and the high DOB gain.
3) Load weight variation: To clarify the effects of variation of varying the load weight, we monitored the step responses under the conditions of Fig. 5 (b) and Table II for different masses on the load side. The results are shown in Fig. 10 . Here, the control parameters (state feedback gain and motor mass of the DOB) were unchanged from those of the previous experiments, so the result confirms the robustness to load mass variations alone. Comparing Figs. 10 and 7, both RRCs developed slight vibrations under the higher load mass, but both were strongly robustness against load weight variations.
4) Chirp responses:
To confirm the responses against frequency variations, the chirp signal responses were monitored. Figure 11 shows the result using nominal motor mass, and no significant differences between the conventional and proposed RRCs are evident. The results of multiplying the original motor mass by 0.5 and 1.5 times, respectively, are Prop. Fig. 8 .
Step responses under the condition of M mn = 0.5M m shown in Figs. 12 and 13 . The both RRCs showed the robustness in Fig. 12 ; however, when the modeled motor mass was multiplied 1.5 times, the result of the conventional RRC was not obtained because the motor went out of control and could not move. On the other hand, the response of the proposed RRC was robust to having 1.5 times modeled motor mass as shown in Fig. 13 . Figure 14 shows that both RRCs have the robustness against load mass vibrations as the step responses in Fig. 10 .
V. CONCLUSION
This study proposed a new RRC that uses the relative position information and state feedback. This method alters the dynamics of the standard two-inertia system. The structure of the proposed RRC was theoretically derived, and was confirmed to tolerate higher cutoff frequencies of DOBs than standard two-inertia systems. The state feedback gains were also theoretically derived. Although the conventional RRC using state feedback provides excellent responses under many conditions, the proposed RRC (unlike the conventional design) ensures robustness against disturbances in modeling error, owing to the high cutoff frequency of its DOB. The experimental results confirmed the validity of the proposed RRC. 
